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ABSTRACT: A “diffusion-reaction™ equation is used to describe the effects of long-range polymer—pore
interactions on equilibrium partition coefficients for linear polymers between dilute bulk solution and cylin-
drical or slit-like pores. Results are presented for square-well potentials, electrostatic double-layer poten-
tials, and van der Waals potentials. Intramolecular potentials were neglected in these calculations. In
general, a weak potential acting over a large fraction of the pore cross section was found to have a greater
effect on partitioning than a stronger but shorter ranged potential. In other words, the partition coeffi-
cient did not correlate very well with the average potential, a result of steric exclusion of polymer chains
by the pore wall. For attractive polymer—pore interactions, conditions are identified which correspond to

a transition from free to weakly adsorbed polymer.

Introduction

The partitioning of macromolecular solutes between
small pores and bulk solution underlies various chromato-
graphic and membrane separation processes and is impor-
tant also in heterogeneous catalysis. This phenomenon
is characterized by the partition coefficient, ®, which is
the pore-to-bulk concentration ratio at equilibrium. For
rigid solutes, the theoretical results available for $ encom-
pass “neutral” molecules having a wide variety of shapes
and pore geometries ranging from cylinders to the inter-
stices in an array of randomly oriented fibers.!3 Whereas
the studies just cited focus on purely steric exclusion for
very dilute solutions, additional results are available for
other solute-pore potentials*5 and/or for finite solute
concentration,5-® in the case of rigid, spherical mole-
cules.

Fewer quantitative predictions of @ are available for
flexible macromolecules, such as long-chain linear poly-
mers. Casassal!® and Casassa and Tagami!! exploited the
well-known analogy between the random motion of a
Brownian particle and the conformation of a freely jointed
polymer chain. This enabled them to calculate ® for neu-
tral polymers (linear or star shaped) by solving an ana-
logue to a transient diffusion equation. For a chain con-
sisting of N mass points connected by rectilinear seg-
ments of length [, this continuum approach requires that
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N be very large and that [ be much smaller than the char-
acteristic pore dimension (e.g., the pore radius rp). Dav-
idson et al.’2 used Monte Carlo simulations to calculate
& for freely jointed chains, enabling them to obtain results
for moderate values of N and {/r.

Theoretical results for linear polymers with long-
range polymer-pore interactions are even more limited.
Davidson et al.12 reported a few values of & from Monte
Carlo simulations which included attractive potentials,
and Davidson and Deen!3 have recently performed the
analogous continuum, “diffusion equation” calculation.
Both studies considered only attractive potentials of a
particular form, a square well of width comparable to
the segment length, [. Zhulina et al.14 and Gorbunov et
al.15 used lattice models to examine the effects of poly-
mer—-pore interactions on the partitioning of long chains
in slit-like pores and pores of square cross section, respec-
tively. Pouchly!€ used the diffusion equation approach
to describe partitioning in pores with permeable walls,
including surface forces near the walls.

The objective of the present study was to estimate $
for long chains experiencing various attractive or repul-
sive polymer—pore potentials. To do this, we have extended
the diffusion equation method of Casassa to account for
long-range interactions. Our approach was to add a source
or sink term to the diffusion equation, as has been done
in modeling the excluded volume of linear polymers!7:18
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and the adsorption of polymers on planar surfaces.19-21
We have found this to be a very efficient method to cal-
culate & for various assumed potentials, in pores having
regular shapes.

We begin by formulating the partitioning problem in
terms of configuration integrals and then discuss how these
integrals may be evaluated from the solution of a “diffu-
sion-reaction” equation with suitable initial and bound-
ary conditions. This initial development is more explicit
and more general than that published previously for ran-
dom coil polymers!®13 and allows previous partitioning
calculations to emerge as special cases. Results are pre-
sented for attractive or repulsive square-well potentials,
for electrostatic double-layer potentials, and for van der
Waals potentials, in cylindrical or slit-like pores.

Model Formulation

Partition Coefficient and Configuration Inte-
grals. The partition coefficient for a dilute solution can
be calculated as the ratio of configuration integrals for
the macromolecular solute in the pore and in bulk solution:!

= f f f dr dQ dT e /4T
) fff dr dQ dr ¢ E/AT

where r, Q, and I are coordinate vectors describing, respec-
tively, solute position, orientation, and conformation. E*
and E are the configuration energies for the pore and
bulk solution, k is Boltzmann’s constant, and T is abso-
lute temperature. The position, r, is defined as the posi-
tion of some arbitrary locator point on the solute. For
rigid solutes, this locator point is usually taken to be the
center of mass.
The configuration energies can be expressed as

E* = Eyp(r QD) + Ey(T) + EyD) ()
E= EM(P) + EMS(F) (2b)

where Epp is the energy associated with solute-pore inter-
actions, Ey is the energy due to intramolecular forces,
and Ens is the contribution of solute—solvent interac-
tions. The bulk configuration energy, E, is a function of
conformation only, because the energy of a solute in bulk
solution is independent of position and orientation. By
use of the energies defined in eq 2, eq 1 can be rewrit-
ten:

$ (1)

f f ’ dr dQ 4T e (Emp(rQ.0)+En(N)+Ens(D)l/RT
o ="
f f f dr dQ dT e [EmI)+Ems(D]/ET

(3)

As a specific example of the use of eq 3, consider the
case of a spherical solute of radius A and an infinitely
long cylindrical pore of unit radius. Because the solute
is rigid, there is only one possible conformation, and no
integration over T is necessary. Therefore, the terms
involving Ey and Ewns in the numerator and denomina-
tor of eq 3 will cancel. In addition, because of the sym-
metry of the sphere, all orientations are equivalent. The
partition coefficient is simply

{7 dr eBwetn/eT
¢ = @)

J;lr dr

where r is the radial position of the center of the sphere.
This is the expression used by Smith and Deen? in cal-
culating the partition coefficient for a charged sphere in
a charged, cylindrical pore. The upper limit of integra-
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tion in the numerator arises from steric exclusion (i.e.,
Eyp=forr>1-2).

As a first approximation to the effects of long-range
solute—pore interactions on the partitioning of linear poly-
mers, we will assume that the terms involving Eym and
Eus cancel one another. For uncharged polymers, this
is equivalent to assuming that 6 conditions prevail. For
polyelectrolytes, it implies that the intramolecular elec-
trostatic repulsions which contribute to Ey are weak and
therefore not strongly dependent on I'. An equivalent
assumption was employed by Wiegel?! in modeling adsorp-
tion of polyelectrolytes. With these assumptions, eq 3
becomes

_ f f f dr dQ@ dT exp[-E;(r,Q,T) /£ T]

J f f draedr

Diffusion-Reaction Equation. We will model lin-
ear polymers as chains consisting of N mass points con-
nected by N — 1 segments, each of length [. For a ran-
dom coil, the probability of finding mass point j + 1 at
position R, P(R,j+1), is governed by a Markoff integral
equation!®

$

(5)

PR,j+1) = [ P(R-1,)T(x)e*® dr ©6)

In eq 6, r is the vector from mass point j to mass point
J + 1, T is the effective bond probability, and ¢(R) is the
dimensionless energy associated with a mass point located
at R. For a given molecular configuration in a pore, assum-
ing additive segment-pore energies

Ex &

— =%y, @

KT =
where ¢, is the energy of the ith mass point. However,
as described below, it is not necessary to calculate ¢; for
each mass point and configuration.

For fixed segment length {

5(r| - 1)

() = — ®)

4l

where ¢ is the Dirac 6 function. For j > 1, eq 6 can be
integrated to obtain!?

dPR,) _ e*®IVPR,))
; = +
9y 6

For ¢(R) « 1, we obtain the “diffusion~-reaction” equa-

tion employed here:
OP _ NI _,

-6 VP - N¢R)P (10)

where J = j/N and 0 < J < 1 for large N. Equation 10

is of course analogous to the conservation equation describ-

ing transient diffusion with a first-order homogeneous

reaction. The “diffusion coefficient” is NI2/6 = rg2, where

re is the root-mean-square radius of gyration for a ran-

dom coil in bulk solution.22 The potential term No¢ is

analogous to a first-order rate constant, whereas </ takes

the place of time. A derivation of eq 10 given by de

Gennes?? begins with a lattice model, so that the inte-

gral in eq 6 is replaced by a summation over adjacent

lattice sites. Because the assumption ¢ <« 1 is intro-

duced early in that derivation, eq 9 is not obtained as an

intermediate step. With N¢ = 0, eq 10 is equivalent to

the diffusion equation employed by Casassa.l® Note that

P is not a normalized probability; P(R,)) is a relative mea-

[*®-1]PR,) (9)
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sure of the number of ways that the jth mass point can
occupy position R.

Application of Diffusion-Reaction Equation. We
now describe how eq 10 can be used to calculate the par-
tition coefficient for a random coil in a long cylindrical
pore, provided that [/r, « 1 (rp is the pore radius).
Because the permissibility of a chain configuration depends
only on the radial position of each mass point of the chain
and because ¢ is assumed to depend only on r, we can
write eq 10 in cylindrical coordinates without regard to
angular or axial position:

P _, o PP, 1 aP)

3 A, (ar2 + e No(r)P (11)
where r is radial position normalized by r, (0 < r < 1)
and A; = rg/rp. DiMarzio?* showed that the “absorbing
wall” boundary condition

P(1,J)=0 (12)

correctly excludes all chain configurations which would
penetrate the pore wall. The symmetry of the pore pro-
vides the other boundary condition:

P _
5(0,@’) =0 (13)

As discussed by Casassa,!® P(r,JJ) now measures the prob-
ability of finding the jth mass point at position r in the
pore, given that no preceding mass point overlaps with
the wall.

The final key to using P(r,J) to calculate & is the ini-
tial condition employed with eq 11. First, consider an
instantaneous point source: P(r',0) = 1. This condition
fixes the first mass point of the chain at position r* and
yields a solution denoted by P(r,J|r’). P(r,1|r’) then mea-
‘sures the number of ways in which mass point N can
occupy position r, given that the first mass point is fixed
at r’ and that no part of the chain overlaps the wall. If
we now integrate P(r,1|r') over r, we obtain the fraction
of all chains emanating from position r’ which will fit
inside the pore. In terms of the formalism of eq 1, we
have chosen the first mass point of the chain to be the
locator point for the macromolecule. By integrating
P(r,1)r) over all r, we have accounted for all possible chain
configurations with position r’; in other words, we have
allowed the chain to sample all conformations and ori-
entations. It follows that

f'Peyrar= { f aodr exp[—EMp(ﬂ,Q,I‘)/k%'l]‘i)

Thus, the numerator of eq 5 could be calculated by inte-
grating the left-hand side of eq 14 over all ¥ (0 < < 1).
A similar calculation, but with Enmp = 0, would yield the
denominator, thereby permitting evaluation of ®.

A much more convenient approach, however, is to use
an initial condition which has the effect of beginning chains
simultaneously at all radial positions.!® With long-
range interactions, this condition is

P(r,0) =  forallr (15)

If the solution to eq 11 with initial condition eq 15 is
denoted by P(r,J), then P(r,1) measures the number of
ways the Nth mass point can be found at position 7/, given
that the “beginning” of the chain is free to sample all
positions in the pore. This situation is basically the same
as that described by eq 14, except for which chain end is
considered fixed. In other words, the locator point in
one case is mass point 1 and in the other case mass point
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N. However, because the two ends of the chain are indis-
tinguishable, the two situations are identical. Thus

P(1) = f'PGr1)r dr (16)

Finally, the partition coefficient can be calculated:

j;lP(r,l)r dr
=0

J;lr dr

Thus, point-source solutions are not needed to evaluate
®. The extension of this approach to other regular pore
geometries is straightforward.

In obtaining eqs 10 and 11 from eq 9, it was assumed
that ¢ « 1. In this case, eq 15 reduces to

P(r0)=1 forallr (18)

We therefore used eq 18 as the initial condition for eq
11. This initial condition is identical with that employed
by Casassal® for neutral polymers (¢ = 0). It was also
used by Davidson and Deen?!3 for calculations where ¢
was not small. In that case, however, ¢ was nonzero only
in a layer of vanishing width next to the pore wall, so eq
18 was valid asymptotically. Although not stated or
employed previously, eq 15 is in general the correct ini-
tial condition to use with eq 9. This point is illustrated
in the Appendix, by use of a “discrete” example involv-
ing a chain of two segments.

Potential Energy Functions. Square-Well Poten-
tial. As a simple approximation to polymer-pore inter-
actions, we considered a square-well potential extending
a dimensionless distance d (relative to rp) from the pore
wall. The energy term in eq 11 then takes the form

No(r)=0 0=<r<1-d
No(r)=W 1-d<r<1 (19)

With this form of the potential, eq 11 with boundary con-
ditions eqs 12 and 13 and initial condition eq 18 can be
solved analytically. The solutions for both cylindrical
and slit-like pores are outlined in the Appendix. For the
cylindrical pore, we integrated eq 17 using Simpson’s rule
to obtain the partition coefficient. A similar calculation
using Cartesian coordinates yielded results for slit (par-
allel-plane) pores.

Electrostatic Potential. For a linear polymer of total
charge ¢, we approximated the electrostatic interaction
energy by neglecting intramolecular forces. With this
assumption, each mass point of the polymer chain expe-
riences an energy as if it were alone in a charged pore.
This energy is the product of the charge on the mass
point (§/N) and the electrostatic potential in the pore
)

(17)

a¥
o(r) = NET (20)
The electrostatic potential within a charged pore can
be estimated from the linearized Poisson-Boltzmann equa-
tion:

VA = (21)
where « is the inverse Debye length. For a pore of sur-

face charge density ¢ through a medium of low dielec-
tric constant, the appropriate boundary conditions are*

| o
€

T r = (22)

P
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dy

T . =0 (23)
where # is the radial coordinate and ¢ is the dieletric per-
mittivity of the solvent. If the pore radius, ry, is chosen
as the reference length, the dimensionless radial coordi-
nate and inverse Debye length become

r="Ff/r, (24)

T =k, (25)

We define the dimensionless molecular charge, pore-
wall charge density, and electrostatic potential as, respec-
tively

ge
g= :k_Tr; (26)
_ (;erp 2
T= kT @7
Je
Y= T (28)

where e is the elementary charge. In these dimension-
less variables, the solution for the electrostatic potential
is

_ oly(rr)
B I (1)

where Iy and I are modified Bessel functions of the first
kind of order zero and one, respectively. The potential
required for eq 11 is now

(29)

éqaly(rr)
N = 3
o(r) L0 (30)
‘where
ekTrp
=— (31)
e
For slit pores, the resulting energy is

Ncb(y) = .S_QU_CM (32)

7 sinh (1)

where y is zero at the pore center and one at the pore
wall and r;, is replaced by the slit half-width. With the
potential defined by either eq 30 or 32, we obtained P(R,JJ)
by using the Crank—Nicholson algorithm2? to integrate
eq 10.

van der Waals Potential. To obtain a van der Waals
interaction energy, we again considered only the inter-
action between one mass point of the polymer chain and
the pore wall. We approximated the potential as a pow-
er-law attraction combined with a hard-sphere repul-
sion. For the energy of one mass point located a dimen-
sionless distance x from a differential volume element of
the pore wall dV, we have

Ndop(x) = x<s
Ndg(x) ==V x> (33)
X

where s is the dimensionless hard-sphere radius, ¢ rep-
resents the energy per molecule (relative to kT), and n
is the number density of molecules in the pore wall. We
obtained the total van der Waals energy by integrating
eq 33 over the volume of the wall. In so doing, we assumed
additivity of the van der Waals forces. For a particle
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Figure 1. Partition coefficient as a function of solute-to-pore
size ratio for square-well potentials of width d and depth W in
a slit pore. In this case, Ag is the radius of gyration divided by
the pore half-width.

between two semi-infinite plane walls

Noly)== 1-s<y<l1
1

1
c +
[(1—y>3 (1+y)°

No(y) = - ] 0<y<l-s

(34)

where C = wen/6 and y is the dimensionless distance
from the mid-plane. As with the electrostatic interac-
tion, we numerically integrated eq 10 using the Crank-
Nicholson algorithm. Although the van der Waals energy
in a cylindrical pore can be derived in an analogous fash-
ion, the calculation requires numerical integration in two
dimensions. We obtained van der Waals results only for
slit pores.

Results

The results are presented as plots of the partition coef-
ficient (®) versus the molecular-to-pore size ratio (),
for various assumed potentials. Figure 1 shows results
for both attractive and repulsive square-well potentials
in slit pores. The parameter d was varied in proportion
to Ag, so the square-well width was a constant fraction
of r;. For comparative purposes, the integral of the poten-
tial over position was held constant for the three attrac-
tive wells (W < 0) and for the two repulsive wells (W >
0). Whether the interaction is attractive or repulsive, a
weak potential acting over a large fraction of the pore is
seen to have a greater effect on partitioning than does a
stronger but shorter ranged potential. In the limit as d
— 0, the results approach those for neutral polymers (W
= 0), regardless of the value of W. The results for cylin-
drical pores are qualitatively similar to those shown in
Figure 1. For the same parameter values, ® for cylindri-
cal pores is lower than for slits, at any given value of A,.

Figure 2 shows results for electrostatic interactions in
cylindrical pores, for various values of the polymer—pore
charge product, go. Molecular size (rg) was fixed through-
out, A; varying as a result of changes in pore radius only.
The Debye length was also taken to be constant. Accord-
ingly, the quantities 7A; and £A; were held fixed. As
expected, ® decreased for polymer and pore charges of
like sign and increased for polymer and pore charges of
opposite sign, relative to an uncharged system with the
same value of A;. The results for attractive interactions
(go < 0) represent competing effects of entropy and
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Figure 2. Partition coefficient for electrostatic potentials in a
cylindrical pore, for various values of the product of polymer
and pore charge (go). Radius of gyration and Debye length are
held constant, so that rA; and £\ are constant throughout.
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Figure 3. Partition coefficient for electrostatic potentials in a
cylindrical pore, for various values of Debye length. As in Fig-
ure 2, ry is held constant.

enthalpy, as illustrated most clearly for go = -40. For
this combination of charges, the favorable enthalpy dif-
ference between pore and bulk solution predominates for
small \;, and therefore > 1. However, as A, increases,
the entropic restrictions in the pore become increasingly
important, and eventually ® — O for large A;. Asaresult,
the maximum & is at an intermediate size ratio, Ay =~
0.85 for go = —40. Although not shown on the scale of
Figure 2, ® for go = 50 also reaches a maximum at inter-
mediate A\; and eventually decays to zero as A, is increased
further. The value of go for which & = 1 (at a given Ap)
is analogous to the critical energy for adsorption of a poly-
mer on a planar surface.1”12-21 This analogy and the pre-
diction of the critical energy are discussed in detail in
the Appendix. Thus, the results in this and subsequent
figures (where ¢ > 1) may be interpreted as represent-
ing polymer adsorption, although the calculation of &
makes no distinction between free and bound polymer.

Results for electrostatic interactions at a fixed charge
(go = —20) but with varying Debye length are shown in
Figure 3. As before, molecular size has been held con-
stant. As 7, is increased (Debye length decreased), the
charge interactions are increasingly screened, and the neu-
tral limit is eventually reached. The curve for 7A; = 10
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Figure 4. Comparison of partition coefficient for cylindrical
and slit pores, with attractive electrostatic potentials. The results
shown for cylindrical pores are the same as in Figure 3.

is indistinguishable from that for an uncharged macro-
molecule and pore. Large values of 7A; have the same
effect as small values of d/A; for the square-well poten-
tial: in both instances, the interaction is too short ranged
to be important. It is evident also that there is a critical
value of 7A; at which ® = 1 (for fixed go < 0), just as
there is a critical value of go.

The effects of pore shape are illustrated in Figure 4,
using electrostatic interactions like those in Figure 3. It
can be seen that for the same values of the dimension-
less parameters, ® for slit pores exceeds that for cylin-
drical pores, provided that & < 1. This behavior, which
is evident also for neutral, rigid molecules,1:26 reflects the
fact that slits constrain molecular position only in one
dimension, whereas cylindrical pores offer constraints in
two. Accordingly, wall effects tend to be weaker for slit-
like pores. The weaker wall effect for slits is also respon-
sible for the reversal of the curves when & > 1 (rA; = 2
in Figure 4). That is, attractive interactions are experi-
enced more strongly in cylindrical pores, so that & for
cylindrical pores eventually exceeds that for slits, as 7A;
is decreased (or go made more negative).

The results for the van der Waals potential are shown
in Figure 5. The hard-sphere radius was assumed to be
a constant fraction of rg, so s/Ag is constant for each curve.
Some of the curves fall below the zero-potential case (C
= 0, s = 0) because the hard-sphere repulsion reduces
the effective pore radius, resulting in steric exclusion of
the macromolecule which cannot be overcome by the
attractive portion of the potential. The values of C used
in Figure 5 are representative of dispersive interactions
in vacuo. In the presence of a solvent, the van der Waals
interaction would be much reduced.?” Even with values
of C which tend to be too large, the short-ranged nature
of the van der Waals interaction prevents any large devi-
ation from the zero-potential case.

Discussion

The partition coefficient of a polymer is a reflection
of the probability of finding the molecule within the pore,
averaged over the pore cross section. One might expect
from this that ® would be insensitive to the shape of the
potential function, depending mainly on the average poten-
tial in the pore. Our calculations show that this is not
the case. As seen most clearly for the square-well and
electrostatic results, the longer ranged the potential, the
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Figure 5. Partition coefficient for van der Waals potentials in
a slit pore. The values of C are representative of van der Waals
energy coefficients for molecules of widely varying size and
polarizability.2?

greater the effect on partitioning. The reason that ® does
not correlate very well with the average potential (or the
area under the potential vs position curve) is the steric
exclusion caused by the pore wall. The probability of
finding a mass point of a neutral chain near the wall is
already close to zero, so that short-ranged repulsions, or
short ranged-attractions of moderate strength, have lit-
tle effect on . By contrast, longer ranged potentials are
able tc affect the mass point probability in regions where
it is not small, thereby influencing ®.

The possible importance of short-ranged attractions
depends on the parametric conditions being examined.

_The present calculations assume that ¢ << 1 and that
Ng is finite. With these restrictions, short-ranged attrac-
tive potentials, such as those arising from highly screened
electrostatic forces or from van der Waals forces, have
little effect on &, for the reasons just mentioned. How-
ever, if ¢ is not necessarily small, and if N¢ is not con-
sidered to be bounded, potentials of vanishingly short
range can have large effects on ®. This latter situation
is considered elsewhere,!® using a square-well model.
Which of these assumptions is more realistic will depend
on the actual physical conditions of interest.

As noted previously,1911.13 the diffusion equation
approach provides a relatively simple method to esti-
mate ® for long, freely jointed chains. Because it avoids
the enumeration of all chain conformations and orienta-
tions, the diffusion equation method requires much less
computational effort than does a Monte Carlo calcula-
tion, provided that N is very large. An inherent limita-
tion of the continuum, diffusion equation approach, how-
ever, is the requirement that the ratio of segment length
to pore size be very small. Perhaps a more serious limi-
tation of the calculations of ® performed here, and those
reported previously with this method,10.11:13.16 jg the neglect
of intramolecular interactions. Thus, these results do not
account for differences in solvent quality or, in the case
of polyelectrolytes, for intramolecular electrostatic repul-
sion.

In principle, the effects of intramolecular interactions
could be incorporated into the potential, ¢. Suitable poten-
tials have been formulated to describe the expansion of
polymer coils due to excluded volume!?-19:28 or electri-
cal charge.?® These self-consistent field methods for deter-
mining ¢ assume uniform expansion of the polymer from
its unperturbed, random-coiling state and therefore rely
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Figure 6. Representative configurations for a one-dimen-
sional chain consisting of three mass points.

on the spherical symmetry of the probability density for
isolated polymers. Because of the usual lack of spheri-
cal symmetry in a pore, the self-consistent field approach
cannot be readily applied to the partitioning problem for
polymers.

An alternative to modifying ¢ to account for intramo-
lecular forces would be to adjust the “diffusion coeffi-
cient” in eq 10. In this approach, we would replace Ni?/6
in eq 10 with a2NI2/6, where the molecular expansion
coefficient (a) is obtained either experimentally or
theoretically.222® Modifying the diffusion coefficient in
this manner has no rigorous basis, but the effect would
be qualitatively correct in the sense that an expanded
polymer coil (e > 1) would be excluded from pores to a
greater degree than would the unperturbed coil (o = 1).
Thus, including « in this way might provide a useful first
approximation to the effects of intramolecular forces on

Appendix

Discrete Example. To demonstrate that the parti-
tion coefficient calculated by using eq 17 is consistent
with eq 5, and to test the validity of eq 15, we present a
simple example. Consider the one-dimensional pore sys-
tem depicted in Figure 6. For simplicity, we limit sol-
ute chains to three mass points (N = 3) and restrict these
mass points to discrete locations, labeled i. Each loca-
tion is weighted by a Boltzmann factor, e¢®, as defined
in eq 6. The pore walls have an infinite potential, con-
sistent with steric exclusion. In this particular example,
the weighting factors for the interior points have been
chosen to represent a repulsive polymer—pore interac-
tion.

First, we calculate the partition coefficient directly from
the configuration integrals in eq 5. For a chain of three
mass points, there are two possible conformations, one
extended and one folded. Because we have a one-
dimensional system, there are also only two possible ori-
entations: chains that are directed toward the left (rel-
ative to the first mass point) and those that are directed
toward the right. Thus, there are four different combi-
nations of conformation and orientation, as shown in Fig-
ure 6. There are five positions available to a locator point
on the molecule (i.e., five interior positions), yielding a
total of 20 distinct configurations.

For this discrete system, the integrals in eq 5 can be
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Table I
P(i,j) for System Depicted in Figure 6
i=0 i=1 =2 =3
j=1 1 1 1/2 0
j=2 1 3/4 1/4 0
j=3 3/4 5/8 3/16 0
replaced by summations:
1 2 2 2
R 23D ) eI
z-—2 j=1 m=1

For each p0531b1e configuration, we can calculate
exp(-Emp/kT) by using eq 7. For example, the energy
of the top configuration in Figure 6 is

Eyp/RT = 6(1) + ¢(2) + ¢(3) (A2)
from which we obtain

o EMP/RT = (1)(%)(0) =0 (A3)

Calculating these Boltzmann factors for all 20 configu-
rations in the pore and carrying out the summations in
eq Al, we find that & = 19/40.

We now calculate & by the diffusion equation or Markoff
approach, using a discrete analogue of eq 6:

2
P(i,j+1) = D_Pli + (-1)},j]1e™? (Ad)
k=1

For this one-dimensional system, the bond probability is
T = 1/2; that is, in the absence of any potentials, mass
point j is located with equal probability to the left or
right of mass point j + 1. The boundary and symmetry
conditions are

P@3,)=0 (A5)
P(i,j) = P(-i,)) (A6)
The initial condition (analogous to eq 15) becomes
P(1,1) =P(0,1)=P(-1,1) =1 (A7)
P(2,1) = P(-2,1) =1/2 (A8)

With these conditions, we can now evaluate P(i,j) from
eq A4. For example

P(1,2) = POD5)e™® + PR.D(3)e"

=g+ ) =3 (A9)

In this way, we can evaluate the solution P(i,j) for all i
and J, with the results summarized in Table I. (The val-
ues not shown follow from symmetry, eq A6.) Using a
discrete form of eq 17 to calculate the partition coeffi-
cient, we obtain

1< 119 19
d=-) P(i3) =-—=— (A10)
5 Z; 58 40

From this discrete example, we see that the two approaches
to calculating &, which correspond to eqs 5 and 17, respec-
tively, are equivalent. If an unweighted initial condition
had been used in the Markoff calculation (replacing 1/2
by 1 in eq A8), we would have obtained ¢ = 11/20, which
is incorrect. This supports the validity of eq 15.

Solution for Square-Well Potentials. The prob-
lem defined by eqs 11-13 and 15, with ¢(r) described by
the square-well potential (eq 19), can be solved by sepa-
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ration of variables. The solution is

P(rJ) = ZA" exp(—anJ)Jo(ﬁnr/ )\g) 0sr=<1-d
n=1

Prd) =) _C, eXP(—B,,zJ)[JO(vnr) -
n=1
Jo(v,) Yo(v,7)

YO(V,,)

The eigenvalues, 8,, are described by the characteristic
equation

] 1-d<r=<1 (All)

-6
0= Bolug v, = xY19) (A12)
/01
where v, is related to 3, by
= L(g,2- W (a13)
g
and the constants A, and C, are defined as
C,G
A, == (A14)
Jor

C = (AJ11/Bio)DG + (1/v, )1y = Djyy ~ Fyyy — Dy,)]

n

. F
(DGH/ 2o+ 11+ - H 4 =5
(A15)

We have simplified eqs A14 and A15 by introducing the
following definitions:

D=1-d (A16)

= %‘;((—:l) (A17)

G = Jdy[v,(1-d)] - J°(7")§,°[(7"()1 RIS
Y°((7") SiaenYerde (a19)

0= d(v,) - (1= D)Wy, (1 - D] + Jiy,) -
1-d) Iy, (1-d)] (A20)
=Y, (y,) - (1 - Y v, (1 - d)] + Y (v,) -
1-d)*Y v, (1-d)] (A21)

. (1-d)
Jau T Jo(ﬁ X ) (A22)
g
(1-4d)
Ju = Jl(&_)\——) (A23)
g
1 =d7,(1-d)] (A24)
j13 = J]('Y,.) (A25)
2 = Yilv,(1-d)] (A26)
Y3 = Yi(v,) (A27)

The integral in eq A19 was evaluated numerically. In
eqs A11-A27, J, and J; are Bessel functions of the first
kind of order zero and one, respectively; Y, and Y; are
Bessel functions of the second kind of order zero and
one.
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From eq A13, we see that, depending on the magni-
tude and sign of W, 8, and v, can be either imaginary
or real. In writing eqs A11-A27, we have assumed that
both 3, and v, are real. The three possible solutions in
which either 3, alone is imaginary, vy, alone is imagi-
nary, or both 8, and vy, are imaginary can be obtained
from eqs A11-A27 by making the substitutions 8, = iu,
and v, = ivs. The resulting eigenfunctions are modified
Bessel functions of the real arguments u, or v,.

The solution for the square-well potential in the slit
pore is similar to that in the cylindrical pore. In Carte-
sian coordinates, the eigenfunctions are sines, cosines,
hyperbolic sines, or hyperbolic cosines, depending on
whether the quantities 8, and vy, are real or imaginary.

The Critical Point for Adsorption. Wiegel?! deter-
mined the critical energy for adsorption of a linear poly-
electrolyte on a charged, flat surface. His approach was
to solve eq 10 for that geometry, which could be done
analytically, and to examine the signs of the resulting
eigenvalues. The energy at which eigenvalues began to
change sign was interpreted as defining a phase transi-
tion between unadsorbed and adsorbed polymer. We con-
sider here the nature of the analogous critical conditions
for polymers in pores.

To determine numerically the existence of a critical
point, we examined the stability of the solution to eq 10
for pores, as has been done for analogous dynamic
systems.3031 We first discretized the spatial part of eq
10:

dP/oJ = MP (A28)

where the matrix M includes the discretized form of both
V2 and N¢. We then assumed a solution to eq A28 of
the form

P = P* + 5 exp(nd) (A29)

where P* is the “steady-state” solution and z exp(n) is
the “transient” (J-dependent) solution. The stability of
the solution to eq A28 depends on the eigenvalues 5 of
M, which satisfy the relation

dettM -91) =0 (A30)

In eq A30, I is the identity matrix. When all eigenval-
ues, 01, 72, ..., 1n, are negative, P evolves to the “steady-
state” solution P*; when any eigenvalue is positive, the
system is unstable, which is analogous to the case of adsorp-
tion in Wiegel’s study.

The problem of finding the critical point is then reduced
to one of determining the sign of the eigenvalues in eq
A30. By use of a central difference operator to dis-
cretize eq 10, the matrix (M — nI) is

M-qI) =
-(2y+N¢,+1) 2y T
1 -
57 (2'Y+.N¢2+"7) g,y

-

~(2y+No+n) 1
T (7‘ o+n A[1+ ]

2(i-1)

N v[1- 2(;;1—1) ] _(27+N¢"+")_

(A31)

where ¢; is the discretized form of ¢(r), v = \;2/h2, and
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h is the step size for integration in the r-direction. The
matrix (M — gl) is a tridiagonal matrix of the form

a, ¢
b, a, c,
M-ql) = . (A32)
by @y Co

b «a

n n

We define a sequence of polynomials
pg("?) =1
Pl(n) = al(n)po(n)

p,‘(n) = a,-(TI)Pi_l(ﬂ) - ci—lbipi-2(n)
Pu(m) = a,(Mp,,(n ~c,,b,p,(n)  (A33)

where 7 is any real number. The polynomials defined in
eq A33 form a Sturmian sequence,3233 g0 the number of
sign changes between successive terms in the sequence
po(n), p1(n), ..., Pnln) equals the number of roots which
are less than n. Therefore, by evaluating the polynomi-
als at 7 = 0, we can determine the number of negative
roots in eq A30. By varying the parameters ¢;, we can
then determine the critical energy for adsorption. In the
case of electrostatic particle-pore interactions, we var-
ied ¢ by varying the product go. We refer to the largest
value of go for which all eigenvalues are negative as (o) crit-
We calculated (go)erit for both cylindrical and slit-
shaped pores.

For slit pores with A; = 0.2, our values for (qo)cri; Were
virtually identical with those obtained from Wiegel’s for-
mula (within 0.2% for 2 < 7A; < 5). This is not surpris-
ing, in that Wiegel’s problem is equivalent to that for a
slit pore in which the wall spacing greatly exceeds the
dimensions of the macromolecule (i.e., A; « 1). For all
values of A\, examined (0.2 < Ag < 2.0), in both slits and
cylindrical pores, {(go)eris was within 20% of the value of
go required to yield ® = 1. We conclude that for pores
the analogue to Wiegel’s critical energy for adsorption is
the energy at which & ~ 1. As already noted, this is the
energy at which the entropic and enthalpic effects on
partitioning just offset one another.

Pouchl§!® has also examined the stability of the solu-
tion to the diffusion equation for polymers in pores but
for different potentials and boundary conditions than we
have considered. Pouchly’s problem permitted the ana-
lytical determination of eigenvalues, as did the cases con-
sidered by Wiegel?! and others.171920 Similarly, in our
analytical solution for the square-well potential, a criti-
cal condition is defined by the emergence of imaginary
values of 3, in eq Al1. Finally, a critical energy for adsorp-
tion of polymers in pores was also identified by David-
son and Deen.!3
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ABSTRACT: Poly(styrene-b-isoprene) block polymer (SI), which forms spherical microdomains of poly-
isoprene (PI) block chains in the matrix of polystyrene (PS) block chains, and a mixture of SI with homopoly-
styrene (HS), which forms spherical microdomains of PI in the matrix of HS and PS block chains, were
welded with HS with a molecular weight smaller than that of PS. The welded samples were annealed at
150 °C as a function of time, and a spatial distribution of PI spherical microdomains across the welded
interface ¢(x) (x being a distance normal to the interface) was observed under a transmission electron
microscope in order to investigate mutual diffusion of HS molecules and PI spherical microdomains with
PS chains emanating from them. The mutual diffusion coefficient, D, was found to increase with increas-
ing the volume fraction of HS (¥ys) initially solubilized into the microdomain space and with decreasing
the molecular weight of HS (Mys). D was found to be controlled primarily by the free energy barrier
6AF*(¥Hs, Myus) required for solubilization of HS into the matrix of the microdomain systems in the mutual
diffusion process. The free energy barrier for the mutual diffusion process, SAF*, in turn, is associated
with a loss of conformational entropy of the HS and PS block chains in the solubilization process, which
involves breakup of the molecular interactions of PS block chains. More precisely, we found that the dif-
fusion process does not generally obey a simple Fickian diffusion; the concentration profile #(x) is asym-
metric, and D depends on the local concentration of HS (¢us(x)), that is, the larger the ¢us(x), the larger
the value D(x), and hence on space x.

I. Introduction

Mutual diffusion of polymers in bulk is an interesting
research topic in polymer physics.!-¢ Here we propose
visual observations of the mutual diffusion process of a
unique polymer system. We study a mutual diffusion of
a block polymer and a homopolymer, which are welded
together at their fractured surfaces.

The block polymer system we used in this study is poly-
(styrene-b-isoprene) (SI) which forms spherical micro-
domains of polyisoprene block chains (PI) in the matrix
of polystyrene block chains (PS) as shown schematically
in Figure 1a. We used also a mixture of SI and homopoly-
styrene (HS), which forms PI spherical microdomains in
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the matrix of PS and HS as shown schematically in Fig-
ure 1b. HS was more or less uniformly solubilized into
PS8 matrix formed by segregation of the block polymer.

SI block polymer in bulk or the bulk of the block poly-
mer containing HS is welded with bulk HS at their sur-
faces, as shown schematically in Figure 2. The welded
samples are then annealed at temperatures above glass
transition temperatures of PS and HS to allow the mutual
diffusion of HS chains and PI spheres across the welded
interface. PI spheres have many PS chains emanating
from them (“PS coronas”™). The mutual diffusion will cause
a change of spatial distribution of PI spheres across the
interface as schematically sketched in parts a and b of
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